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Abstract
We give a new formula for the number of order-preserving maps from a finite poset Q to a finite
chain, which sums a contribution from each face of the order polytope of Q. The formula we derive
could also be obtained if we knew that a certain cycle represented the Todd class of the toric variety
associated to Q. We conjecture that, for toric varieties arising from posets, this cycle does represent
the Todd class; we prove this conjecture in the case where Q is a chain.
© 2003 Elsevier Ltd. All rights reserved.
1. Introduction
This paper is concerned with three objects: a finite poset Q, its order polytope P , and
the toric variety X associated to the outer normal fan of P .
In the literature relating posets and toric varieties, notably [4] and [11], a fourth object
plays a central role: D, the distributive lattice of order ideals of Q. By the Fundamental
Theorem of Finite Distributive Lattices (see [10]), every finite distributive lattice arises as
the lattice of order ideals of a unique poset, so one can construct the same collection of
objects by beginning with D an arbitrary finite distributive lattice and constructing Q, then
P and X . In fact, Wagner shows in [11] that there is a direct construction of X from D. This
is the primary perspective taken on X in [11], and it is used there to relate the properties of
D and X .
In our treatment, we shall ignore D, preferring to focus on Q and the construction
of X via the order polytope P of Q. The following proposition is basic to our
approach.
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Proposition 1. The following three functions of a natural number n all coincide:
(i) |[n+1]Q|, the number of order-preserving maps from Q to [n+1], the chain of n+1
elements;
(ii) #(n P), the number of lattice points in the n-fold dilation of P;
(iii) ∫ exp(nE) · Td(X), where E is the Cartier divisor associated to P on X, and Td(X)
is the Todd class of X. (The meaning of this expression will be discussed further later
in the paper.)
Proof. The equality of (i) and (ii), remarked in [9] and [11], is straightforward from
the definitions, as will be explained shortly. The equality of (ii) and (iii) follows from
an application of the Hirzebruch–Riemann–Roch theorem from algebraic geometry, for
details of which, see [2] or [3]. 
In the first part of this paper, using the equality of (i) and (ii), we apply techniques
for counting lattice points in polytopes to obtain a new formula for (i). The second part
of the paper investigates the implications of the Riemann–Roch theorem on X , a subject
suggested for investigation in [11]. We observe that the formula obtained in the first part
could also be derived from the equality of (i) and (iii) if Td(X) satisfied a certain simple
formula. We conjecture that this formula holds for all toric varieties arising from posets,
and we prove the conjecture in the case where the poset is a chain.
For other results on counting order-preserving maps from a poset to a chain, see [8]. For
background on counting lattice points in polytopes, see [10] and the references contained
therein.
2. Counting order-preserving maps from a poset to a chain
Let Q be a finite partially ordered set. We use a superscript Q to indicate order-
preserving maps from Q; for example, as we have already introduced, [n + 1]Q denotes
the order-preserving maps from Q to {1, 2, . . . , n + 1}. When we wish to consider not
necessarily order preserving maps from Q, we use a superscript Q. Thus, RQ denotes the
set of all maps from Q to R.
The order polytope P(Q) is by definition [0, 1]Q , the set of order-preserving maps
from Q to the interval [0, 1]. From now on, we shall refer to P(Q) simply as P . For more
discussion of the order polytope of a poset, see [9].
The real vector space RQ contains a full-dimensional lattice, the set of integer-valued
functions on Q, ZQ . With respect to this lattice, P is a lattice polytope; that is, its vertices
are lattice points. The lattice points of n P , the n-fold dilation of P , are precisely the
order-preserving maps from Q to {0, 1, . . . , n}. This proves the equality of (i) and (ii)
in Proposition 1.
Given a real vector space V , and X, Y ⊂ V , let CX (Y ) be the cone generated by all
elements of the form x − y for x ∈ X , y ∈ Y . This is the cone in the direction of X from Y .
We write CX (p) for CX ({p}).
If V has an inner product, then given a cone K , we let µ(K ) be the fraction of the linear
span of K which is contained in K . More formally, let the linear span of K be W . The
inner product on V defines an inner product on W . Let B be a ball of radius 1 in W centred
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at the origin. Then we define µ(K ) = Vol(K ∩ B)/Vol(B), where Vol is the Lebesgue
measure on W . (Note that renormalizing Vol by a constant multiple does not affect this
definition.)
In our application, V will be RQ , and the inner product will be given by 〈 f, g〉 =∑
q∈Q f (q)g(q).
For any lattice polytope R, in a vector space V with an inner product, containing a full-
dimensional lattice M , define v(R) =∑p∈R∩M µ(CR(p)). Since the contribution of each
interior lattice point is 1, while the lattice points on the boundary contribute less, and the
lattice points outside contribute nothing, we expect that v(R) should be close to the volume
of R. In fact, in the case where the polytope in question is an order polytope, the result is
much better.
Lemma 1. If P is the order polytope associated to Q, then v(n P) = Vol(n P).
Proof. Let the number of elements of Q be m, and let the elements of Q be denoted
q1, . . . , qm in no particular order. As remarked in [9], the polytope n P has a canonical
triangulation into the simplices 0 ≤ f (qa1) ≤ f (qa2) ≤ · · · ≤ f (qam ) ≤ n where
a1, . . . , am are chosen so that qa1, qa2, . . . , qam is a linear extension of Q (that is, a
refinement of the order-relation on Q making it a linear order). Each of these simplices
has volume nm/m!. Thus, if e(Q) is the number of linear extensions of Q, Vol(n P) =
e(Q)nm/m!.
The symmetric group on the elements of Q, SQ , acts naturally on RQ , and preserves
the inner product.
Consider the set of all the polytopes σ(n P), as σ ranges through SQ . Every point in
the interior of [0, n]Q not on any hyperplane f (x) = f (y) is contained in e(Q) of the
polytopes σ(n P). Note that this applies to all real-valued points, not just lattice points.
Thus, the polytopes σ(n P) fit together to form an e(Q)-fold covering of the cube.
It follows that
∑
σ∈SQ v(σ (n P)) = e(Q)v([0, n]Q). Observing that v([0, n]Q) =
nm , it follows that
∑
σ∈SQ v(σ (n P)) = e(Q)nm . But v(σ (P)) = v(P), so v(P) =
e(Q)nm/m! = Vol(P) as desired. 
The faces of P are also order polytopes, as we shall now describe; see [9] or [11] for
proofs. The faces of P are in 1–1 correspondence with the contractions of Pˆ , where Pˆ
consists of the poset P with the addition of a minimal element 0ˆ and a maximal element 1ˆ.
Contractions of a poset are equivalence relations on the poset satisfying the following two
axioms:
(i) Each equivalence class is connected in the Hasse diagram (in which two elements of
the poset are joined by an edge iff one covers the other).
(ii) A well-defined poset structure is obtained on the equivalence classes by saying that
x < y in the poset implies that [x] < [y] (where [x] and [y] denote the equivalence
classes).
For G a face of P , let cˆ(G) be corresponding contraction of Pˆ , considered as a poset.
Let c(G) be cˆ(G)\{[0ˆ], [1ˆ]}. Then G is isomorphic to the order polytope P(c(G)).
We now return to the problem under discussion. Let F(P) denote the faces of P , and
Fi (P) the i -dimensional faces.
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Since every face of P is isomorphic to an order polytope, Lemma 1 applies to n P and
all its faces. We now apply the following theorem of McMullen, which is stated in [6], and
the essence of whose proof is to be found in [5]. For completeness, we give the proof here.
Theorem 1 ([6]). If Vol(G) = v(G) holds for a lattice polytope R and all its faces, then
#(R) =
∑
G∈F(R)
µ(G∨)Vol(G)
where Vol is normalized on each subspace so that the volume of a fundamental domain in
the corresponding lattice is 1, and G∨ is by definition the outer normal cone to G, that is,
the cone consisting of all f such that 〈 f, g〉 ≤ 0 for all f ∈ CR(G).
Proof. Let R be in a vector space V containing a full-dimensional lattice M . By
hypothesis,
∑
G∈F(R)
µ(G∨)Vol(G) =
∑
G∈F(R)
µ(G∨)
∑
p∈G∩M
µ(CG(p))
=
∑
p∈R∩M
∑
Gp
µ(G∨)µ(CG(p))
(reversing the order of summation).
So, we need only show that
∑
Gp µ(G∨)µ(CG(p)) = 1. This follows easily from the
following lemma.
Lemma 2 ([5]). Let K be a polyhedral cone in a real vector space V . For each face G of
K , define G˜ to be G ⊕ G∨. Then the collection of all the G˜ is a dissection of V (that is,
every point of V is in some G˜, and the G˜ only overlap on boundaries).
Proof. For each x ∈ V , let y(x) be the point of K which is closest to x . Let F(x) be the
smallest face of K containing y(x). For G a face of K , define Gˆ to be the closure of the set
of points x such that F(x) = G. Clearly, the Gˆ are a dissection of K , and on a moment’s
reflection it is clear that Gˆ = G˜. So we are done. 
Using Lemma 2, the desired result is a triviality. We let K be CR(p). The faces of K
are the CG(p) for G  p, and µ(G∨)µ(CG(p)) = µ(C˜G(p)). By Lemma 2, the C˜G(p)
are a dissection of V , and so
∑
Gp µ(C˜G(p)) = 1. This completes the proof. 
Corollary 1. If P is an order polytope, then
#(n P) =
∑
G∈F(P)
µ(G∨)Vol(nG) =
∑
G∈F(P)
µ(G∨)Vol(G)ndim G . (1)
Proof. The first equality comes by applying the theorem to n P , which we can do because
of Lemma 1; the second equality is obvious. 
Since |[n + 1]Q | = #(n P) and Vol(G) = e(c(G))/(dim G)!, we have proved the
following theorem:
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Theorem 2. The number of order-preserving maps from Q to the n + 1-chain is given by:
|[n + 1]Q | =
∑
G∈F(P)
µ(G∨)e(c(G))
(dim G)! n
dim(G).
3. The Todd class of X
Given a poset Q, there is a toric variety X associated to the outer normal fan of the order
polytope of Q. (One also has to specify an algebraically closed ground field, but this is of
no significance for our purposes.) For details of this construction, and for other matters
related to toric varieties, see [3].
The total Chow group of X with coefficients in R, A∗(X)R, is a standard object of
algebraic geometry. It is generated by elements which correspond to the faces of P . We
shall refer to the generator corresponding to the face G as [G]. Note that these generators
do not form a basis for A∗(X)R—there are relations among them. The total Chow group
of X has a grading: A∗(X)R = ni=0 Ai (X)R. Ai (X)R is generated by those [G] with
G ∈ Fi (P).
We now offer some explanation of the expression
∫
exp(nE) · Td(X) from
Proposition 1. There is a distinguished element of the total Chow group of X called the
Todd class of X , written Td(X). Let E be the Cartier divisor on X associated to P . There
is an action of Cartier divisors on the total Chow group of X . Using this action, one can
define exp(nE) ·Td(X), which is again an element of the total Chow group. In this context,∫
denotes the map from the total Chow group to R, which applies the degree map to the
zeroth graded piece of the total Chow group. For a more detailed explanation, see [3].
It is shown in [2] (and [3]) that if we have an expression for the Todd class of
X as
∑
G∈F(P) rG [G], for some rG ∈ R, then it follows that
∫
exp(nE) · Td(X) =∑
G∈F(P) rGVol(G)ndim G . Thus, by Proposition 1, given a suitable set of rG ∈ R, we
obtain the formula
#(n P) =
∑
G∈F(P)
rG Vol(G)ndim G . (2)
This formula is conspicuously similar to (1) above, which suggests the following
conjecture:
Conjecture. For Q a poset, P its order polytope, and X the associated toric variety, the
Todd class of X can be expressed as
Td(X) =
∑
G∈F(P)
µ(G∨)[G]. (3)
The conjecture is easy to prove in the case where Q is a chain.
Proof if Q is a chain. Let Tdi (X) ∈ Ai (X)R denote the i th graded piece of the Todd class
of X .
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There is a surjective map from Ai (X)R to R which takes [G] to Vol(G). From
Hirzebruch–Riemann–Roch we know that the image of Tdi (X) under this map is the
coefficient of ni in the polynomial #(n P), which, by (1), is∑G∈Fi (P) µ(G∨)Vol(G).
If Q is a chain, the corresponding toric variety is projective space, and each of the graded
pieces of the Chow group is one-dimensional, which implies that the surjective map of the
previous paragraph is an isomorphism. Since the image of
∑
G∈Fi (P) µ(G
∨)[G] under
this map is
∑
G∈Fi (P) µ(G
∨)Vol(G), which coincides with the image of the Todd class,
Tdi (X) =∑G∈Fi (P) µ(G∨)[G]. 
It is easy to check that if the conjecture is satisfied for two posets, it is also satisfied for
their disjoint union. I have also checked the case where Q consists of three elements x , y,
and z, with relations x > y, x > z.
Formula (3) is meaningful for any toric variety X arising from a polytope P , and a
slight change of notation is all that is necessary to make it meaningful for any toric variety
whatsoever. The truth of (3) for another realization of projective space was remarked upon
in [1], and it was asked if there were other classes of toric varieties for which (3) holds.
In [7], Morelli provided some such toric varieties, which do not significantly overlap the
ones we consider here, as well as an example showing that (3) does not hold for all toric
varieties.
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